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Abstract

A transient _nite element analysis is carried out to provide a perspective on dynamic fracture models
incorporating the decohesion of fracture surfaces\ with a focus on improved modeling and understanding
quantitative features of dynamically propagating cracks under intense stress pulse loading[ The problem
analyzed here is plane!strain fracture of an edge cracked specimen under plane wave loading conditions[ In
order to ascertain the validity of the various cohesive surface fracture models\ the results of the FEM
simulations are compared with experimental observations made during the low temperature\ plate!impact
fracture experiments on 3239VAR steel "199>C temper\ Rc �44#[ The _nite element analysis is carried out
within a framework where the continuum is characterized by two constitutive relations^ one that relates
stress and strain in the bulk material\ the other relates the traction and separation across a speci_ed set of
cohesive surfaces[ The bulk material is characterized as an isotropically hardening and thermally softening
elasticÐviscoplastic von Mises solid[ The _nite element formulation employed\ accounts for the e}ects of
_nite geometry changes\ material inertia\ and heat conduction[ Crack initiation and crack growth emerge
naturally as outcomes of the imposed loading\ and are calculated directly in terms of the material|s consti!
tutive parameters and the parameters characterizing the cohesive surface separation law[ From the results
of these simulations it is observed that the cohesive surface model\ which incudes a cohesive surface strength
and a characteristic length is not capable of predicting the dynamic crack growth observed in the experiments[
However\ the computed results are observed to be in good agreement with the experimental results when
the work of separation per unit area appearing in the cohesive surface separating law\ includes a cohesive!
surface separation rate dependent cohesive strength[ Moreover\ the computational results emphasize the
existence of a sharp upturn in dynamic fracture toughness in high strength structural steels at a material
characteristic limiting crack tip speed even at test temperatures as low as −79>C and under ultra high crack
tip loading rates "KþI ¼ 097 MPazm:s#[ Þ 0888 Elsevier Science Ltd[ All rights reserved[

� Corresponding author] Fax] 990 105 257 5334^ E!mail] vxp07Ýpo[cwru[edu



Y[ Lee\ V[ Prakash : International Journal of Solids and Structures 25 "0888# 2182Ð22262183

0[ Introduction

A central issue in the dynamic failure of engineering materials due to stress wave loading is the
e}ect of material inertia and strain rate sensitivity on the initiation and propagation of fracture
from a pre!existing crack tip[ Signi_cant inertial e}ects can arise either due to rapidly applied
loading on the cracked solid and:or from rapid crack propagation "Freund\ 0889#[ Strain rate
e}ects have generally been regarded as making elasticÐviscoplastic materials to appear more brittle[
This increased propensity for brittle failure can be attributed to the elevation in the material|s ~ow
stress\ due to its strain rate sensitivity\ to a critical level required for initiating cleavage failure
before signi_cant plastic strains can accumulate and mitigate the e}ects of the otherwise sharp
crack tip[ At the same time\ dynamic loading with sustained elevated plastic strain rates is capable
of inducing signi_cant levels of plastic strains in very short time\ leading to blunting of the crack
tip and hence crack growth by primarily deformation controlled mechanisms[ In view of the
possibility of these vastly di}erent fracture modes:mechanisms\ improved understanding of crack
initiation and crack propagation at elevated crack!tip loading rates\ with due considerations of
the e}ect of inertia and strain rate sensitivity of ~ow stress\ is important to the development of
methodologies for designing more failure resistant structures[

Rather few solutions are available for the growth of transient tensile cracks in inelastic solids[
Analyses of fast crack growth in structural metals have generally either assumed a steady state\
e[g[\ Lam and Freund "0874#\ Freund and Hutchinson "0874#\ Mataga et al[ "0876#\ Varias and
Shih "0883#\ or have been based on an approach where a crack tip speed dependent material
characterizing parameter\ such as the dynamic energy release rate or the dynamic stress intensity
factor is used in conjunction with a crack tip equation of motion\ Freund "0889#\ e[g[ Brickstad
and Nilsson "0879#\ Ravichandran and Clifton "0878#\ Prakash and Clifton "0881#[ Also\ in elasticÐ
plastic analyses of rapid crack propagation a number of di}erent crack growth criteria based on
critical values of the crack!tip opening displacement\ the crack!tip!opening angle\ or a conservation
integral "Ahmad et al[\ 0872^ Ho} et al[\ 0880#\ have been employed[ Recently\ Premack and
Douglas "0884#\ have carried out a three!dimensional FEM analysis of impact fracture of 3239
steel[ The analysis makes use of the measurements of crack!tip!opening displacements and includes
the e}ect of crack curvature\ the residual plastic strain due to pre!cracking\ and the strain!rate
sensitivity of ~ow stress\ to calculate the dynamic toughness of 3239 steel[ In other analytical and
computational approaches\ a simple strip yield model has been used by Lee and Freund "0889# to
gain insight in the e}ect of material rate!dependence on fracture mode transition[ Solutions to this
problem make it possible to construct curves of critical stress intensity factor vs crack!tip speed
for di}erent levels of viscosity\ showing the transition between two di}erent fracture modes[
Another approach involves the use of physically based models of micromechanics of failure
into the material|s constitutive description "Needleman and Tvergaard\ 0880^ Tvergaard and
Needleman\ 0882#\ or the cell model of Broberg "0868# where brittle fracture involves the loss of
stress carrying capacity over a volume "or area#[ In particular\ Johnson "0881\ 0882# has carried
out _nite element calculations of rapid crack growth in brittle solids using a cell damage model
where the linear elastic sti}ness tensor is multiplied by a factor that is a function of the relative
density and that decreases from unity to zero with decreasing density[

In the present study\ results of plate impact fracture experiments "Prakash\ 0882# conducted on
high strength 3239VAR steel at lower than room temperature\ are used to provide a perspective
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on dynamic fracture models incorporating the decohesion of potential fracture surfaces\ with a
focus on needs for improved modeling and on understanding qualitative features of dynamically
propagating cracks under nominally brittle conditions[ The experiments are designed to subject a
pre!cracked disk to a large amplitude tensile pulse with a sharp wave!front under essentially fully
plane strain loading conditions[ The loading results in the onset of crack extension in less than a
microsecond[ The resulting crack!tip loading rates at crack initiation are of the order of
KþI ¼ 097 MPa zm:s[

In order to ascertain the validity of the various dynamic fracture models\ the free surface motion
of the target plate are compared with the predictions of the free!surface particle velocity history
obtained by employing a cohesive surface constitutive relation which allows for the creation of
new free surfaces[ Analytical solutions for crack!tip quantities such as the history of the stress
intensity factor\ under the assumptions of small scale yielding\ are available for a semi!in_nite
crack in an in_nite isotropic body under plane wave loading "Achenbach and Nuismer\ 0860^
Freund\ 0862#[ However\ such solutions are not available for far!_eld quantities such as particle
velocities and stresses for cracks propagating non!uniformly under stress!wave loading conditions[
Thus\ in the present investigation\ a numerical solution for the far _eld quantities of interest is
sought by employing a transient _nite element analysis[ The _nite element analyses is carried out
within a framework where the continuum is characterized by two constitutive relations^ one that
relates stress and strain in the bulk material\ and the other relates the traction and separation
across a speci_ed set of cohesive surfaces[ The bulk material is characterized as an isotropically
hardening and thermally softening elasticÐviscoplastic von Mises solid[ The fracture characteristics
of the material are embedded in a cohesive surface tractionÐdisplacement separation relation\
Needleman "0876#[ The cohesive surface framework has been used previously to address issues
regarding void nucleation "Tvergaard\ 0889^ Povirk et al[\ 0880^ Xu and Needleman\ 0882#\ quasi!
static crack growth in plastically deforming solids\ "e[g[ Needleman\ 0889a\ b^ Tvergaard and
Hutchinson\ 0881\ 0882#\ stability of the separation process "Suo et al[\ 0881^ Levy\ 0883#\ and
dynamic crack growth in elastic solids "e[g[ Xu and Needleman\ 0883#[ Crack initiation\ crack
growth and crack arrest emerge naturally as outcomes of the imposed loading and are calculated
directly in terms of the properties of the material and of parameters characterizing the cohesive
surface separation law[ The cohesive surface parameters include a strength and a work of separation
per unit area\ so that\ from dimensional considerations a characteristic length enters the formu!
lation[ The model predictions for the target free surface particle velocity history are compared
with the experimental observations to gain insight into the structure of the cohesive surface
tractionÐdisplacement separation relationship for dynamically propagating cracks in high strength
structural steels under nominally brittle conditions[ In addition to modeling of crack advance\ the
near crack tip _elds are examined to gain insight into the critical conditions that prevail in the
vicinity of dynamically propagating cracks at ultra!high crack tip loading rates[

1[ Plate impact fracture experiments

1[0[ Experimental con_`uration

The experiment involves the plane strain loading of a plane crack by a step tensile pulse with
duration of approximately 0 ms[ The loading is achieved by impacting a diskÐshaped specimen
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Fig[ 0[ Schematic of the experimental con_guration[

containing a mid!plane crack by a thin ~yer plate fabricated from the same material as the
specimen\ in a plate impact loading device as shown in Fig[ 0[ The specimen is machined from a
notched cylindrical bar in which a fatigue crack has been grown by subjecting the bar to cyclical
bending "Ravichandran\ 0872#[ The fatigue crack is grown in accordance with ASTM speci_cations
for plane strain fracture toughness testing "ASTM\ 0854 and ASTM\ 0869#[ Impact occurs in a
vacuum chamber that has been evacuated to a pressure of 59Ð79 mm of Hg and is part of a single
stage gas!gun assembly[ Upon impact\ compressive waves of uniaxial strain are generated^ one
that propagates in the specimen and another that propagates in the ~yer[ The wave propagating
through the specimen re~ects from the rear surface of the specimen of as a plane tensile pulse\ and
it is this wave which loads the crack in tension[ Upon interaction with the crack plane the plane
tensile pulse is di}racted to generate a cylindrically di}racted longitudinal wave\ a cylindrically
di}racted shear wave and head waves[ Figure 1"a# shows the non!uniform scattered _elds radiating
out from the crack edge[ The leading wave!front is a cylindrically di}racted longitudinal wave\ of
radius CLt\ centered at the crack edge[ Due to the coupling of dilatational and shear waves\ the
scattered _eld includes a cylindrical shear wave!front\ of radius Cst\ centered at the crack edge\
and the associated plane fronted headwaves travelling as speed Cs[ Details of experimental pro!
cedure used for specimen preparation and executing the plate impact fracture experiments are
provided in Ravichandran and Clifton "0878# and Prakash and Clifton "0881#[

The timeÐdistance diagram for the wave fronts that traverse the specimen and the ~yer plate is
shown in Fig[ 1"b#[ The compressive wave that propagates through the specimen reaches the rear
surface of the specimen at time t0[ The compressive wave that travels in the ~yer re~ects from the
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(a)

Fig[ 1[ "a# Wave!fronts for di}raction of a plane wave by a semi!in_nite crack[ "b# Wave propagation in the ~yer and
the specimen[

rear surface of the ~yer as a plane tensile wave!front and propagates back towards the specimen[
This unloading wave from the ~yer removes the pressure that was imposed on the crack plane by
the initial compressive pulse\ leaving the crack!faces traction free[ The velocity of the free surface
of the specimen remains constant at the impact velocity V9\ until the unloading wave re~ected
from the rear surface of the ~yer arrives at the rear surface of the target plate at time\ tu0[ This
unloading wave brings the rear surface velocity of the specimen to zero[ During this time interval\
the compressive wave re~ected from the rear surface of the specimen plate arrives at the traction!
free crack plane as a tensile pulse at time\ tc[ The cylindrically di}racted longitudinal wave arrives
at the rear surface of the specimen plate at a point directly opposite the crack tip at time\ td[ Tensile
loading of the crack plane continues until the time\ te\ at which the end of the tensile pulse arrives[
The corresponding di}racted longitudinal wave arrives at the rear surface of the specimen plate at
time\ tf[ Thus\ the time interval "td\ tf# is the interval of primary interest in the experiment[
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(b)

Fig[ 1*continued[
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A four!point normal displacement interferometer is used to measure the rear surface motion of
the specimen[ With this interferometer\ the motion of four di}erent points on the specimen
surface can be measured simultaneously during the experiment[ This is important\ since unlike the
conventional plate impact experiments where the rear surfaced motion is independent of in!plane
coordinates\ a two!dimensional _eld is generated by the di}raction of the plane wave by the crack[
By relating the motion of the rear surface at several points on the specimen rear surface to the
initiation and propagation of the crack\ a better evaluation of various fracture models can be
obtained[ Details of the four!point laser interferometer employed in the experiments for measuring
the target rear surface motion can be found in Mello et al[ "0880#[

In the design of the experiments\ the dimensions of the specimen plate are adjusted such that
the unloading waves from the lateral surface of the target plate arrives at the monitoring points
after the time tf[ This condition ensures that the loading conditions for the dynamic fracture
experiment are essentially exactly those of plane strain\ at least until the di}racted waves from the
lateral boundary reach the center of the specimen[ This feature greatly facilitates the detailed
correlation of theory and experiment\ since for two!dimensional fracture dynamics numerical
solutions can be obtained with acceptable levels of computational e}ort[ The simpli_cation of the
loading conditions in the present experiment is obtained at the expense of lost accessibility to the
crack tip measuring its velocity and the intensity or the amplitude of the local stress and deformation
_elds[ However\ as it will be shown in Section 3\ the experimentally measured motion of the free
surface of the specimen is quite sensitive to the critical crack tip quantities such as the critical stress
intensity factor and the crack!tip speed\ and the near tip quantities of interest can be readily
inferred from the measurements of the free surface motion through existing analyses and _nite
element computations[

1[1[ Theoretical back`round

The loading pulse has a duration t9 � 1h:CL\ where h is the thickness of the ~yer plate\ and CL

is the speed of propagation of longitudinal waves in 3239VAR steel[ The tensile stress of loading
pulse\ s�\ is given by

s� � 0
1
rCLV9\ "0#

where r is the mass density and V9 is the projectile velocity measured during the experiment[
For a loading of pulse of duration t9\ the transient stress intensity factor for the present model

problem is given by Freund "0889# as

KI "t# � n"n#s�C0:1
L ðt0:1−"t−t9#0:1H"t−t9#Ł[ "1#

In "1# H"t#is the Heaviside unit step function\ and n"n# is given by

n"n# �
1

"0−n# 0
0−1n

p 1
0:1

\ "2#

where n is the Poisson|s ratio[ The crack!tip stress intensity factor\ for the stationary crack increases
in proportion to zt for 9 ³ t ³ t9[ For t × t9\ the stress intensity factor decreases due to the
unloading term in proportion to zt−t9[ The largest value of the stress intensity factor reached is
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Table 0
Chemical composition and the physical properties of the AISI 3239VAR steel employed in the present investigation

C Mn Ni Cr Mo Cu Si Al p S N O H ppm

9[31 9[35 0[63 9[78 9[10 9[17 9[08 9[920 9[998 9[990 9[994 9[990 0[9

"a# Heat treatment ] normalize at 899>C for 1 h\ austenitize at 749>C for 1 h\ followed by rapid quenching in ice brine
solution\ temper at 199>C for 1 h\ air cool[

"b# Hardness] 44Ð45 HRC[
"c# Mass density] r � 6599 Kg m−2[
"d# Poisson|s ratio] n � 9[2[
"e# Longitudinal wave speed] CL � 4[872 mm:ms[
" f# Shear wave speed] Cs � 2[013 mm:ms[
"g# Rayleigh wave speed] CR � 1[876 mm:ms[

n"n#s�zCLt9 so that the crack will initiate only if n"n#s�zCLt9 × KId\ the critical value of the
dynamic stress intensity factor for the material[

Subsequently\ the crack initiation time\ t\ is given by

t �
0

n1"n#CL 0
KId

s�1
1

[ "3#

Knowing t and using "1#\ the dynamic fracture toughness\ KId\ and the crack tip loading rate\ KþI\
can be expressed as

KId � n"n#C0:1
L s�t0:1 and KþI �

KId

1t
\ "4#

respectively[

1[2[ Experimental results

The material used in the present study is AISI 3239VAR steel[ This material is a high strength\
low ductility\ structural alloy having reduced levels of phosphorus and sulfur to enhance the
fracture toughness[ The material is heat treated by normalizing at 899>C for 1 h\ austenizing at
749>C for 1 h\ and then rapidly quenching in an ice!brine solution[ The heat treatment ensures a
hardness of 44Ð45 on the Rockwell C scale[ The chemical composition as well as the physical
properties of the AISI 3239VAR steel employed in the present investigation are shown in Table 0[

In the present paper\ the results of plate!impact fracture experiment conducted at lower than
room temperature "−79>C#\ are discussed[ The low temperature of the test ensures fracture of
3239VAR steel in a primarily brittle mode[ Table 1 summarizes the experiment described in the
present manuscript[ It gives the impact velocity V9\ the applied normal tensile stress s�\ and the
duration of the pulse\ t9[ It should be noted that the magnitude of the applied normal stress s�\
corresponds to approximately 36) of the Hugoniot elastic limit for the 3239VAR steel employed
in the present study[
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Table 1
Summary of the low temperature experiment on 3239VAR steel

Stress pulse
Impact velocity amplitude Pulse duration Crack growth Test temp[
"m:s# "MPa# "ms# "mm# ">C#

48[9 0231[9 0[90 0[2 −79

The solid lines in Fig[ 2 correspond to the experimentally recorded velocityÐtime pro_les at the
four monitoring points on the free surface of the specimen[ The data shown corresponds to the
time interval of primary interest\ i[e[ between td and tf on the timeÐdistance diagram "Fig[ 1#[ The
closest monitoring point is 9[5 mm ahead of the crack tip[ The remaining three monitoring points
are spaced at 9[6 mm intervals[ The zero of the time scale corresponds to the _rst arrival of the
longitudinal wave at the closest monitoring point[ The curves with the lowest "Curve A# and the

Fig[ 2[ Measured free!surface particle velocity history at the four monitoring points "AÐD# on the free surface of the
target plate\ along with the computed free!surface particle velocity history for which the crack shield stationary[ The
time shown on the time axis is measured from the moment of impact[ The crack initiation point is identi_ed by the time
at which the measured free surface particle velocity pro_les separate from the computed free surface particle velocity
history for the stationary crack[
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highest "Curve D# velocityÐtime pro_les correspond to the farthest "Point A# and the closest "Point
D# monitoring points\ respectively[ The delay time between the traces correspond closely to the
di}erence in arrival times of waves di}racted from the crack tip[ The dashed curves correspond to
the numerical simulation using a temperature dependent elasticÐviscoplastic material model\ and
assuming that the crack remains stationary "details of the _nite element method employed to
obtain the di}racted free surface particle velocity _eld are provided in Section 2#[ Agreement
between the computed and experimentally obtained velocityÐtime pro_les is observed to be good
up to approximately 004 ns after the arrival of the cylindrically di}racted waves longitudinal waves
at the free surface of the target plate[ Thereafter\ the experimentally and computed pro_les separate[
This separation point is understood to be the time of crack initiation[ The experimental record
after the separation point corresponds to crack propagation phase of the experiment[ Using the
crack initiation time t � 004 ns\ and eqn "4#\ the dynamic fracture toughness\ KId\ can be estimated
to be 25 MPazm[ Also\ the crack tip loading rate\ KþI\ at crack initiation\ can be estimated to be
0[1×097 MPazm:s[ It should be noted that the use of the elastodynamic solutions for the dynamic
fracture toughness and the crack tip loading rates\ i[e[\ the use of eqns "0#Ð"4#\ are valid for the
analysis of the low temperature fracture experiment described here because of the existence of
small scale yielding condition in the vicinity of the crack tip at crack initiation[

Figure 3"a# shows a fractograph representative of the region in the vicinity of the crack initiation
site[ The multifaced surface is typical of cleavage fracture in a crystalline material^ each facet
corresponds to a single grain[ The river patterns on each facet are also typical of cleavage fracture[
Presumably the cleavage facets are across grains for which the cleavage planes were favorably
oriented to the crack front[ Since the grains are not always favorably oriented to the fracture path
for cleavage\ fracture propagates in a tortuous path and is accompanied by limited plastic ~ow[
Figure 3"b# shows a magni_ed view of a typical cleaved grain[ The grain boundary is surrounded
by small voids\ suggesting that cleavage of the grains is accompanied by void growth at the grain
boundaries[ The grain size is typically 04 mm and voids at the grain boundary have diameters of 9[4Ð
0[9 mm[ Figure 3"c# shows a fractograph depicting the entire crack growth during the experiment[ As
can be observed from the fractograph\ fracture occurs predominantly by cleavage and is
accompanied by ductile failure processes\ especially during the latter part of crack growth[ Figure
3"d# shows a typical fractograph from the latter part of the crack growth region showing the
presence of a void sheet[

From the aforementioned observations of the fracture surfaces\ it is expected that besides the
energy required for the decohesion:cleavage of the grains\ a substantial fraction of the fracture
energy is consumed in the inelastic processes involving initiation\ growth and coalescence of
voids as the brittle fracture front advances through the material[ Moreover\ since in the present
experiment\ crack initiation and crack propagation occurs within a sub!microsecond range\ the
growth of these voids is estimated to involve strain rates in the excess of 094:s[ The possibility of
the presence of such ultra!high plastic strain!rates during material failure in the present experiments\
is of importance in the interpretation of the experimental results in view of the enhanced strain
rate sensitivity of 3239VAR steel as strain rates in excess of 094:s[ The elevation of the material|s
yield stress is expected to lead to an increase in energy required for sustaining inelastic deformation\
especially during the latter part of crack growth[ Thus\ in a continuum sense\ the mode of failure
during crack growth can be regarded as quasi!cleavage and the analysis pertaining to the present
experiment includes inelastic e}ects[
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Fig[ 3[ "a# Fractograph of the fractured region in the vicinity of the crack initiation site showing quasi!cleavage mode
of failure[ "b# Fractograph showing a view of the cleaved grain along with the voids on the grain boundary[ "c#
Fractograph showing crack growth during the entire duration of the loading pulse[ The total crack extension is estimated
to be approximately 0[2 mm[ "d# View of a typical void sheet formed in the fracture region corresponding to the later
part of crack growth[



Y[ Lee\ V[ Prakash : International Journal of Solids and Structures 25 "0888# 2182Ð22262293

Fig[ 3*continued[
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Fig[ 3*continued[
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Fig[ 3*continued[
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2[ Computational analysis

One of the objectives of the present study is to critically examine the applicability of dynamic
fracture models incorporating a cohesive surface constitutive relation for sustained quasi!cleavage
crack growth in high strength ferritic steels[ To accomplish this objective a cohesive surface
formulation\ similar to the one proposed by Xu and Needleman "0883# and Seigmund and
Needleman "0886#\ is employed[ The continuum is characterized by two constitutive relations^ a
volumetric constitutive law of an isotropically hardening and thermally softening elasticÐvis!
coplastic von Mises solid\ and a cohesive surface constitutive relation involving the tractions and
displacement jumps across the cohesive surface[ The behavior that is captured is that\ as the
cohesive surface separates\ the magnitude of the traction at _rst increases\ reaches a maximum and
then approaches zero with increasing separation[ Crack initiation and crack growth emerge nat!
urally as outcomes of the imposed loading and are calculated directly in terms of the properties of
the material and of the parameters characterizing the cohesive surface separation law\ which
include a strength and the work of separation per unit area[ Various\ vastly di}erent mechanisms
give rise to this sort of response^ for example\ separation of atomic planes "Rose et al[\ 0870# and
ductile void growth and coalescence "Tvergaard and Hutchinson\ 0881#[ What distinguishes the
various mechanisms is the stress required for separation\ the length scale over which the separation
process takes place and the dissipation accompanying the separation process[

2[0[ Problem formulation

The transient _nite element analysis accounts for the e}ects of _nite geometry changes\ material
inertia\ material rate sensitivity and heat condition[ Although the elastic as well as the plastic
strains in the bulk of the specimen remain small\ a _nite element formulation consistent with large
deformation constitutive theory is employed to properly account for any large local strains and
rotations accompanying the separation of the cohesive surfaces[

The analysis is based on a convected Lagrangian formulation of _eld equations with the initial
underformed body con_guration as the reference[ Convected coordinates yi are introduced which
serve as particle labels[ Relative to a _xed Cartesian frame\ the position of a material point in the
reference con_guration is denoted by X"yi#[ The corresponding material particle in the current
con_guration is located by a position vector x"yi#[ The base vectors for the reference and the
current con_guration of the body are denoted by gi and g¹ i\ respectively\ with

gi �
1X

1yi
and g¹ i �

1x

1yi
[ "5#

The displacement vector\ u\ and the deformation gradient tensor\ F\ are de_ned as

u � x−X and F �
1x

1X
[ "6#

The momentum balance for dynamic deformation of solids\ can be written either in the current
con_guration in terms of the symmetric Cauchy stress tensor\ s\ or in the reference con_guration
in terms of the symmetric nominal stress tensor "second PiolaÐKirchho} stress#\ T	[ These stress
measures are related to the force\ df\ transmitted across a material element by
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df � sTn¹ dSÞ� F = T	Tn dS[ "7#

Here\ dSÞ and n¹ denote the area and orientation of a material element in the current con_guration
that had a material area dS and an orientation n in the reference con_guration[

The Kirchho} stress is de_ned by t � det"F#s[ Using Nanson|s relation in "7#\ yields the
relationship between the stress measures\ T	 and t

T	 � F−0 = t = F−T[ "8#

Within the context of the _nite Lagrangian formulation\ the dynamic principle of virtual work
can be rewritten so as to include the contribution of the cohesive surface "Xu and Needleman\
0883#\

gv

tijdEij dV−gSint

TidDi dS � gSext

f idui dV−gv

r9

11ui

1t1
ui dV[ "09#

In "09#\ D is the displacement jump vector across the cohesive surface^ r9\ V\ Sint and Sext are the
density\ volume\ internal cohesive surface area and the external surface area\ respectively\ of the
body in the reference con_guration[

The traction vector component f i\ on the surface with a unit normal vector component nj in the
reference con_guration is given by

f i �"tij¦tkjui
\k#nj[ "00#

The Lagrangian strain tensor in the reference con_guration is

Eij �
0
1
"ui\ j¦uj\i¦uk

\iuk\j#\ "01#

where " #\i represents the covariant partial di}erentiation in the reference frame[
Restricting attention to two dimensions "plane strain conditions#\ the normal and tangential

components of the displacement di}erence across the cohesive surface can be expressed as

Dn � n = D and Dt � t = D\ "02#

where n and t are the normal and tangential base vectors\ respectively\ to the surface at a given
point in the reference con_guration[ Neglecting any dissipation associated with the separation
process\ the nominal traction vector T " force per unit reference area#\ across the cohesive surface
can be obtained from a cohesive surface separation potential\ f\ as

T �
1f

1D
[ "03#

Since the interfacial tractions are derived from a potential which depends on the displacement
di}erence across the interface\ the form of the potential for interfacial debonding is of importance[
Rose et al[ "0870# suggested an exponential form for the interfacial potential based on atomistic
calculations of interfacial separation[ Needleman "0876# constructed a polynomial form for the
interfacial potential which possesses a convenient feature that traction vanishes at a _nite separation
so that there is a well!de_ned decohesion point[ The exponential form suggested by Rose et al[
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"0870# and the polynomial form proposed by Needleman "0876# was later modi_ed by Xu and
Needleman "0883# to include tangential as well as a normal separation[

The cohesive surface potential employed in the present investigation has a form to that proposed
by Xu and Needleman "0883#

f"Dn\ Dt# � fn¦fn exp 0−
Dn

dn1 6$0−r¦
Dn

dn%
0−q
r−0

−$q¦
Dn

dn 0
r−q
r−01% exp 0−

D1
t

d1
t 17\ "04#

where fn is the work of normal separation^ dn and dt are\ respectively\ the normal and tangential
characteristic lengths^ q and r are constants de_ned as

q �
ft

fn

and r �
D�n
dn

\ "05#

respectively[ In "05#\ D�n is the value of Dn after complete shear separation with Tn � 9[
The normal work of separation\ fn\ and the tangential work of separation\ ft\ can be expressed

as

fn � exp"0#smaxdn and ft �X
exp"0#

1
tmaxdt\ "06#

where smax and tmax are the cohesive surface normal and tangential strengths\ respectively[
The normal and the tangential components of the cohesive surface tractions are obtained for

"03# and "04# as

Tn �
fn

dn

exp 0−
Dn

dn1 6
Dn

dn

exp 0
D1

t

d1
t 1¦

0−q
r−0 $0−exp 0

D1
t

d1
t 1% $r−

Dn

dn%7\ "07#

and

Tt � 1
fn

dt

Dt

dt 6q¦0
r−q
r−01

Dn

dn7 exp 0−
Dn

dn1 exp 0−
D1

t

d1
t 1[ "08#

Note that "07# and "08# satisfy at the constraint that Tn � 9 when Dn:dn � 9\ and Tt � 9 when
Dt:dt � 9[ In the present work\ unless stated otherwise\ it is assumed that dn � dt\ q � 0\ and r � 9[
It should be noted that by varying the constant q and r in "04#\ does not e}ect the shape of cohesive
surface separation potential curve^ consequently the normal traction Tn and the tangential traction
Tt are weakly dependent on the values of the parameters q and r[

Figure 4 shows the normalized generalized cohesive surface potential curves f:fn\ is a function
of the normalized normal displacement Dn:dn "with Dt � 9#[ Figure 5"a# shows the normal traction
Tn\ across the cohesive surface as a function of Dn with Dt � 9[ The maximum value of =−Tn= is
smax and occurs when Dn:dn � 0[ The negative traction discourages penetration of the two free
surfaces by the strong sti}ening response of the normal cohesive traction in compression[ The
variation of the tangential traction Tt\ as a function of Dt "with Dn � 9#\ is shown in Figure 5"b#[
The location of the maximum normalized tangential traction =−Tt:tmax=\ occurs when
=Dt = � dt:z1[
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Fig[ 4[ Normalized cohesive surface potential as a function of the normalized normal separation Dn:dn\ with Dt � 9[

With body forces and external heat energy source being absent\ the balance of energy can be
expressed as integrals over the reference con_guration

gv

r9e¾ dV¦
d
dt gv

0
1

r9u¾ = u¾ dV � gs

f = u¾ dS−gs

JF−Tn = q¹ dS\ "19#

where e is the speci_c internal energy\ d:dt is the material time derivative\ J is the Jacobian of the
deformation\ and q¹ is the heat!~ux vector normal to the surface in the current con_guration[

The formulation of the energy balance and the equation of the heat conduction follows Povrik
et al[ "0889# except for the inclusion of the kinetic energy term[ Assuming that the heat capacity
at constant stress can be approximated by the speci_c heat at constant pressure cp\ and assuming
small elastic strains "J � det =F= ¼ 0\ and hence t � s#\ the balance of energy can be expressed in
terms of integrals over the reference con_guration as

gv

r9cpu¾ dV � gv

xt ] Dp dV¦gv

Jk99 ="F−0 = F−T = 99u# dV[ "10#

In "10# the gradient operator in the reference con_guration is denoted by 99 � gK"1:1yK#\ and x
represents the fraction of plastic work rate converted to heat^ x is taken to have the value of 9[8\
which is typical for metals "Taylor and Quinney\ 0823#[

Assuming the existence of a strain energy density function for elastic response\ the Jaumann
rate of Kirchho} stress\ t

9\ based on the elastic spin rate We\ can be written as "Needleman\ 0874#

t
9 �t¾−We = t¦t = We � Le ]"De−au¾#¦t = De¦De = t\ "11#
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Fig[ 5[ "a# Normalized normal traction across the cohesive interface as a function of the normalized normal separation
Dn:dn\ with Dt � 9[ "b# Normalized tangential traction across the cohesive interface as a function of the normalized
tangential separation Dt:dt\ with Dn � 9[

where t¾ is the non!objective material time derivative of the Kirchho} stress and Le is the elastic
moduli convected with the elastic deformation gradient\ i[e[ Le � Fe = Fe = L = FeT

= FeT
[ The relation

"11# is valid for _nite as well as in_nitesimal elastic deformations[
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In applications to metal plasticity\ the elastic strains generally remain small as compared to the
plastic strains[ This implies that the stress magnitude is small compared to the magnitude of any
elastic moduli and the last two terms on the RHS of "11# are negligible in comparison with the
_rst term[ Moreover\ in view of the lack of well!accepted models for the plastic spin for poly!
crystalline metals\ Wp is taken to be zero for the analysis used here[ For plasticity theories with
Wp � 9 the elastic spin rate is identical to the total spin rate[ Thus\ the Jaumann rate of Kirchho}
stress based on the elastic spin rate can be replaced by the Jaumann rate based on the total material
spin W[ The rate of deformation can be expressed as the sum of an elastic part\ a thermal part and
a part due to plastic straining[ Hence\ D � De¦Dp¦DT[ Then\ in "11#\ De can be replaced by
D−Dp−DT and We by W "since Wp � 9#\ which together with DT � au¾I yields

t
9 � t¾−W = t¦t = W � Le ]"D−Dp−aIu¾#[ "12#

When the temperature dependence of the elastic moduli is ignored\ the tangent moduli for the
isotropic elastic response can be written as

"Le#ijkl �
E

0¦n $
0
1

" ¹̀ ik ¹̀ jl¦¹̀ jk ¹̀ il#¦
n

0−1n
¹̀ ik ¹̀ jl%\ "13#

where\ E is Young|s modulus and n is Poisson|s ratio[
For updating the Kirchho} stresses we need the convected time!derivative of Kirchho} stresses

on the current base vectors[ Using an analysis paralleling "Needleman\ 0874#\ the convected
derivative of the contravariant components of the Kirchho} stress can be expressed as

t¾c � C ] D−P\ "14#

where C is a tensor of rank four and P � Le ]"DP¦aIu¾#[ On the current base vectors "12# can be
written as

"t¾c#ij � CijklEþkl−Pij[ "15#

The Lagrangian strain!rate appears in "15# via the identity Eþij � g¹ i = Dg¹ j\ and its components on
the reference base vectors are given by

Eþij �
0
1
"Fk

i Fþkj¦Fþk
j Fkj#[ "16#

The components of the four tensor C\ on the current base vectors can be expressed as

Cijkl �"Le#ijkl−0
1
ð ¹̀ ijtjl¦¹̀jktil¦¹̀iltik¦¹̀jltikŁ[ "17#

The material is characterized as an isotropically hardening viscoplastic solid for which Dp can be
expressed using the J1 ~ow theory as

Dp � o¹¾p where p �
2t?
1s¹

[ "18#

If "18# o¹¾ is the equivalent plastic strain rate function^ the deviatoric stress t? and the equivalent
~ow stress s¹ are given by

t? � t−0
2
"t ] I#I and s¹1 � 2

1
t? ] t?[ "29#
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The material properties used in the present simulations are representative of hardened AISI
3239VAR steel[ A combined power!law and exponential plastic strain!rate relation "Clifton\ 0889#\
that gives rise to enhanced strain!rate hardening at ultra!high strain rates\ e[g[ Campbell and
Ferguson "0869#\ and Klopp et al[ "0874#\ is employed[ The plastic strain rate o¹¾\ is taken to be of
the form

o¹¾ �
o¾0o¾1

o¾0¦o¾1

\ "20#

where

o¾0 � o¾9 $
s¹

`"o¹\ u#%
m

\ o¾1 � o¾m exp $−
a`"o¹\ u#

s¹ % "21#

and

`"o¹\ u# � s9"0¦o¹:o9#N"0−bð"u:u9#k−0Ł#[ "22#

In "22#Ð"23#\ o¹ � Ðt
9 o¹¾ dt is the equivalent plastic strain^ o¾m is a reference strain rate^ m and a are the

material strain rate sensitivity parameters^ s9 is a reference stress^ o9 is the reference strain^ N is the
material strain hardening exponent^ u9 is a reference temperature^ and b and k are the thermal
softening parameters[ The function `"o¹\ u# represents the stressÐstrain relation at a quasi!static
strain rate of o¾9 and at temperature u[

Equation "20# provides a smooth transition between the measured response o¹¾ � o¹¾0"s¹ \ o¹\ u# at
strain rates less than 092 s−0\ and the limiting behavior o¹¾ � o¹¾1 "s¹ \ o¹\ u# at strain rates greater than\
say\ 094 s−0[ The model includes a limiting strain rate o¾m which is not obtainable from experiments^
a value of 4×097 s−0 or greater is chosen\ primarily for avoiding the need for unreasonably small
steps at early times when the shear stresses are large[ These stresses are relaxed in a few nanoseconds[
The uncertainty in the response of the material at small strains and at large strain rates is
unavoidable at present because of the lack of experimental data in this regime[

The material response of 3239VAR steel is shown in Fig[ 6[ The material parameters used in the
model are listed in Table 2[

Table 2
Material parameters used to describe the present model for
AISI 3239VAR steel "199>C temper\ Rc � 44#

E � 191 GPa
s9 � 0784 MPa
cp � 354 J:"Kg K#
a � 0[9×094 0:K
a � 09
o¾9 � 9[9983
k � 099 W:m K
T9 � 182 K
k � 0[9
N � 9[0
n � 9[2
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Fig[ 6[ ElasticÐviscoplastic response of 3239VAR "Rc � 44# steel[ "a# Enhanced plastic strain rate sensitivity of ~ow
stress for o¹¾p × 094:s[ "b# Temperature dependence of the ~ow stress as a function of the equivalent plastic strain at a
_xed plastic strain rate[
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2[1[ Finite element implementation

As discussed by Budiansky "0858#\ the principle of virtual work "09# can be used as the variational
principle for a solid continuum undergoing arbitrarily large displacements and deformations[
Moreover\ the variational equation governing the thermo!mechanical energy balance can be
obtained form the balance of energy\ "10#\ as

gv

r9cpu¾du dV � gv

xt ] Dpdu dV−gv

Jk"F−0 = F−T = 99u# = 99du dV

¦gs

JkN = "F−0 = F−T = 99u##du dS[ "23#

When the _nite!element approximations for the displacement and temperature _elds are sub!
stituted into "09# and "23#\ the resulting equations take the form

M
11U

1t1
� R\ "24#

C
1T
1t

� −Ku¦H\ "25#

where U is the vector of nodal displacements\ u is the vector of nodal temperatures\ M\ C\ K\ are\
respectively\ the mass\ heat capacitance\ and heat conductance matrices\ and R and H are the
mechanical and thermal force vectors[

A lumped mass matrix is used in "24# instead of the consistent mass matrix^ the lumped mass
matrix has been found preferable for explicit time integration procedures for the point of veiw of
computational e.ciency and accuracy "Krieg and Key\ 0862#[ An explicit time integration scheme
based on the Newmark b!method\ with b � 9\ and g � 9[4 "Belytschko et al[\ 0865# is used to
integrate the equations of motion to obtain the nodal velocities and nodal displacements via

11Un¦0

1t1
� M−0Rn¦0\ "26#

1Un¦0

1t
�

1Un

1t
¦

0
1

Dtn 0
11Un

1t1
¦

11Un¦0

1t1 1\ "27#

Un¦0 � Un¦Dtn
1Un

1t
¦

0
1
"Dtn#1 11Un

1t1
\ "28#

where " #−0 denotes the matrix inverse[
In the applications of interest here\ the mechanical equations always set the critical time for

stability[ It therefore su.ces to lump the capacitance matrix with the result
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1un¦0

1t
� C−0"−Knun¦Hn#\ "39#

and

un¦0 � un¦Dtn
1un¦0

1t
[ "30#

A staggered procedure "Park and Fellipa\ 0872# is adopted for the purpose of coupling the
thermal and mechanical equations[ Mechanical and thermal computations are staggered assuming
constant temperature during the mechanical step and constant heat generation during the thermal
step[ Following Lemonds and Needleman "0875#\ a mechanical step is taken _rst based on the
current distribution of nodal temperatures[ The plastic dissipation rate t ] Dp\ and its contribution
to the thermal force vector Hn\ is determined[ Next\ the thermal force vector is used in the thermal
analysis where the nodal temperatures at tn¦0 are recomputed by recourse to the forward Euler
algorithm "39# and "30#[ The resulting nodal temperatures are then used in the mechanical step
and incorporated into the thermal!softening model described in "20#Ð"22#[ The rate tangent
modulus expansion algorithm "Pierce et al[\ 0873# is used to update the contravariant components
of the convected Kirchho} stress tensor\ i[e[\ tn¦0 � tn¦t¾cDtn[

The computations are carried out for an edge cracked specimen shown in Figure 7"a#[ In veiw
of the plane strain conditions prevailing in the specimen and the use of the convected Lagrangian
formulation with the Cartesian coordinate system as the reference\ the y0Ðy1 plane is taken to be
the plane of deformation[ The specimen dimensions are taken to be w0 � w1 � 19[9 mm and
b0 � b1 � 3[9 mm[ These dimensions ensure that no unloading waves for the lateral boundary of
the specimen reach the crack tip or the monitoring points during the time duration of interest[
With origin of the coordinate system at the initial crack tip\ the boundary conditions can be written
as

f 0 � 9\ f 1 � 9 on y0 � −w0 "left tractionÐfree lateral boundary#\

f 0 � 9\ f 1 � 9 on y0 � w1 "right tractionÐfree lateral boundary#\

f 0 � 9\ f 1 � 9 on y1 � 9 and y0 ³ 9 "tractionÐfree crack plane#[ "31#

Moreover\ to save computational time\ the impact face of the specimen is taken to be traction free
and initial conditions corresponding to a plane tensile pulse propagating towards the crack plane
from the rear surface of the specimen\ are prescribed]

f 0 � 9\ f 1 � 9 on y1 � −b1 "impact face of the specimen#\

u1 � g
0

9

V"t# d f 0 � 9 on y1 � b0 "rear surface of the specimen#[ "32#

The function V"t# in eqn "32# is taken to be

V"t# � 6
V9t:trise\ for t ¾ trise\

V9\ for trise ³ t ¾ tfall[
"33#
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In "33# trise and tfall are the rise time and the fall time of the loading pulse\ respectively\ and are
taken to be trise � tfall � 64 ns\ in the present computations[

The _nite element discretization is based on linear displacement triangular elements that are
arranged in a {crossed!triangle| quadrilateral pattern[ In these constant strain triangular sub!
elements the displacements and temperature are taken to vary linearly over the triangular elements[
Nagtegaal et al[ "0863# have shown that an element of this type can accommodate isochoric
deformations[ This is of signi_cance since plastic strain is volume preserving\ so that the total
deformation at large strains is nearly isochoric[

The full _nite element mesh used for the computations is shown in Fig[ 7"b#[ In front of crack
tip\ a uniform mesh also referred to as the process zone\ consists of 49 quadrilaterals in the y0

direction and 09 quadrilaterals placed symmetrically about the y1 direction[ Each quadrilateral
elements in the process zone has a dimension 05×09 mm[ The entire _nite!element mesh consists
of 2879 quadrilateral elements with 08\771 degrees of freedom[ Attention is focused to a single
cohesive surface\ which restricts crack growth along the initial crack!plane[ The integration scheme
to compute the integral over the internal cohesive boundary uses four Gauss points within each
linear segment and the interfacial tractions are evaluated at the Gauss integration points rather at
the _nite element nodes[ This permits partial debonding within a linear segment "Needleman\
0876#[ In presenting computational results\ the quadrilateral is regarded as the basic element\ and
when reporting values of _eld quantities the average value of the four triangles is associated with
the centroid of the quadrilateral[

3[ Results and discussion

3[0[ Predictions of the rate independent cohesive surface model and comparison with the experimental
results

In order to make use of the cohesive surface potential in the _nite element analysis\ we need to
estimate the parameters which control the normal and tangential cohesive surface tractions[ The
parameters which need to be speci_ed are smax and dn "where dt � dn#[ Noting that for Mode I
crack!like behavior in plane strain JIC � fn "Rice\ 0857#\ and using the relation
KIC � zEJIC:"0−n1#\ the cohesive surface parameters can be chosen such that the resulting fn is
consistent with the low temperature dynamic fracture toughness of 3239VAR steel[ Two sets of
cohesive surface parameters\ each consistent with KIC � 25 MPa zm\ can be represented by
smax � E:54 MPa and dn � dt � 9[64 mm\ and smax � E:04 Mpa and dn � dt � 9[06 mm[ Note that
the _rst set of the cohesive surface parameters correspond to the case in which failure occurs in a
predominantly inelastic manner with material separation occurring over a characteristic length
9[64 mm\ whereas the second set of cohesive surface parameters correspond to a more cleavage
type of failure with fracture occurring over a relatively smaller characteristic length[ The exper!
imental and the computed free surface particle velocity vs time pro_les\ corresponding to the two
data sets\ are represented in Figs 8"a#Ð"d# by the dashed and the dashedÐdotÐdot lines\ respectively[
From Figs 8"a#Ð"d# it can be seen that the predictions of the free surface particle velocity history\
corresponding to the two data sets\ deviate signi_cantly from the experimental pro_les[ Cor!
responding to the _rst data set\ the computed free surface particle velocity history results in an
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Fig[ 7[ "a# Geometry of the edge cracked specimen used in the _nite element modeling[ "b# Discretization of the geometry
of the specimen using quadrilateral elements consisting of four {crossed| triangles[ "c# Discretization of the region in the
vicinity of the initial crack tip\ also referred to as the process zone in the text[
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Fig[ 8[ Experimental and the computed free surface particle velocity history at the four monitoring points on the rear
surface of the specimen[ The computed pro_les represent simulations of the experiment by employing three di}erent
cohesive surface parameter sets selected to model a range of material failure behavior from ductile to brittle[ As observed
from the plots\ none of the cohesive surface parameter sets is able to simulate the experimentally measured free surface
particle velocity pro_les[

excess free surface particle velocity at all the four monitoring points\ and at all times[ On the other
hand\ the predictions for the free surface particle velocity history corresponding to the second data
set are lower than the experimental pro_les at all the four monitoring points\ at all times[ Thus\ it
can be argued that increasing the value of smax from E:54 to E:04 increases the material|s resistance
to crack growth even though the normal and the tangential characteristic lengths are decreased
from 9[64Ð9[06 mm[ This increase in material resistance leads to a lower crack tip acceleration\
resulting in lower crack tip speeds and hence to a lower free surface particle velocity[ This point
was also noted by Varias and Shih "0882#\ who had reported that for the same level of material
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toughness\ it is the value of smax and not the characteristic length which dominates the failure of a
cohesive surface[

In view of these aforementioned observations\ a third set of cohesive surface parameters with
smax � E:29 MPa and dn � dt � 9[235 mm is employed[ This set of cohesive surface parameters
model material failure behavior which is in between the ductile and cleavage fracture modes[ Also\
this set of cohesive surface parameters is consistent with KIC � 25 MPazm[ The computed free
surface particle velocity history corresponding to this data set\ at the four monitoring points\ is
shown by the dashedÐdot line in Fig[ "8a#[ Although\ the computed pro_les show a closer
agreement with the experimental pro_les at all the four monitoring points\ the computed
free surface particle velocities are lower than the experimental free surface particle velocity during
the _rst!half of the time window and are in excess of the experimental pro_les during the latter
half[

From the results of these simulations it is seen that the cohesive surface model in its present
form is not capable of predicting the dynamic crack growth observed in the low temperature
experiment discussed here[ By varying the cohesive surface parameters\ the computed free surface
particle velocity pro_les can be made to agree with the experimental pro_les either during the
initial portion of the time window or the latter portion of the time window\ but not for both[ Thus\
in order to capture the essential features of dynamic crack growth for the entire time window\ it is
necessary to introduce a means by which the energy required for decohesion increases with
increasing cohesive!surface separation rate[ It must be noted that this attribute of numerical
modeling is consistent with the fractographs\ which show an increase in inelastic deformation
during the later part of crack growth[

3[1[ Rate dependent cohesive surface model

In order to better model the experiments\ especially the inelasticity occurring during the creation
of the fracture surfaces a rate dependent cohesive surface model is sought[ For simplicity\ like in
the case of the rate independent cohesive surface model\ any dissipation accompanying the inelastic
deformation is neglected[ In this rate dependent cohesive surface model the normal cohesive
strength is taken to be dependent on the instantaneous rate of normal separation\ Dþn\ as

smax:s
9
max � 0¦b"exp ða"Dþn:Dþref

n #−0Ł#\ "34#

where s9
max is the cohesive strength when Dþn � 9^ Dþref

n is the reference of surface separation^ and b

and a are the parameters which control the growth of smax with Dþn[ Further\ as for the case of the
rate independent model\ it is assumed that the normal component of the cohesive traction is not
a}ected by the rate of tangential separation[ In view of "34#\ it is anticipated that for very small
opening rates\ Dþn\ smax remains essentially unchanged from its rate independent value of s9

max[ On
the other hand\ for rapid de!cohesion of the cohesive surfaces\ the local magnitude of the cohesive
stress is elevated by a magnitude determined by the ratio of the cohesive surface separation rate
Dþn\ and the reference opening rate\ Dþref

n [
The arguments for selecting a value for the reference opening rate\ Dþref

n \ are oblique at best[ As
an estimate of the reference opening rate within the yield zone\ consider the crack tip opening
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displacement d\ divided by the time required for the crack to advance one plastic zone length L\
at speed n\ that is

Dþref
n ¼

d

L:v
[ "35#

Under quasi!static conditions of small scale yielding

L �
p

7 0
KI

s91
1

and d �
"0−n#

1
K1

0

ms9

[ "36#

Choosing v � 0499 m:s\ the reference opening rate\ Dþref
n \ is approximately equal to 29 m:s[

Figure 09"a# shows the maximum normal cohesive strength as a function of the cohesive surface
separation rate for a � 0[5[ The model parameters a and b govern the rate sensitivity of the
maximum cohesive stress to the cohesive surface separation rate Dþn\ with b � 9 providing the rate
independent limit[ Figure 09"b# shows the variation of the normalized normal cohesive traction
Tn:s

9
max\ with the normalized normal displacement Dn:dn\ for various values of the ratio Dþn:Dþref

n [ As
expected the are under the tractionÐdisplacement increases considerably with the increase in the
normal surface separation rate\ Dþn[ The increase in area represents the extra energy that is required
for decohesion of the fracture surfaces at the elevated surface separation rates[ The curve with
Dþn:Dþref

n � 9 "rate independent limit# is similar to the one employed by Xu and Needleman "0883#
in their simulations of dynamic failure of brittle materials[

The predictions of the free surface particle velocity of the target plate for the rate dependent
cohesive surface model with smax � E:54 MPa\ dn � dt � 9[64 mm\ b � 9[94\ and a � 0[5\ are
represented by the solid lines shown in Figs 00"a#Ð"d#[ Unlike\ for the case of the rate independent
cohesive surface model discussed in Section 3[0\ for the rate dependent cohesive surface model the
agreement between the computed and the measured free surface particle velocity history is observed
to be satisfactory for the entire time duration of interest[

Figures 01"a# and "b# show the normal component of the cohesive surface traction and the
normal surface separation rate as a function of normal displacement jump across the cohesive
surface\ at two di}erent distances from the initial crack tip location[ As expected\ for the rate
dependent cohesive surface model the normal component of the cohesive surface traction does not
fall with an increase in the cohesive surface separation after Dn:dn � 0 "as was observed for the
rate independent case "b � 9##[ Instead\ the normal cohesive traction increases with the increase
in the normal component of the cohesive surface separation rate\ Dþn[ This increase in the normal
component of the cohesive surface traction results in the shift in the location of the peak normal
surface traction from Dn:dn � 0 to approximately Dn:dn � 1[ This change in the location of the
peak results in additional energy being required for decohesion during the material fracture process\
especially during the relatively high cohesive!surface separation rates observed during dynamic
fracture towards the latter part of crack growth[ A similar trend is observed at a point located 399
mm from the initial position of the crack tip on the prospective crack path "Fig[ 01"b##[

3[1[0[ Location of crack tip and estimation of the crack tip speed
To calculate the crack tip location and consequently the crack tip speed in the aforementioned

dynamic fracture simulations the following algorithm is used] initially\ there is a well!de_ned crack
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Fig[ 09[ Features of the rate!dependent cohesive surface model[ "a# Variation of maximum cohesive surface strength
smax\ as a function of the normalized cohesive surface separation rate\ for various values of the parameter b[ b � 9
represents the rate!independent limit[ "b# Normal cohesive surface traction as a function of the normalized normal
displacement across the cohesive surfaces "with Dt � 9#\ for various cohesive surface separation rates[
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Fig[ 00"aÐd#[ Experimental and computed free!surface particle velocity vs time pro_les for the rate dependent cohesive
surface model[ Unlike the rate independent cohesive surface model\ the rate dependent cohesive surface model is capable
of simulating the measured free surface particle velocity history at all the four monitoring points[

tip location\ namely the terminus of the interval over which smax � tmax � 9[ Once the crack
initiates\ this is no longer the case because of the continuous dependence of the cohesive surface
tractions on the displacement jump\ Dn[ For presentation of results\ the largest value of y0 for
which Dn − 09dn is recorded together with the current time[ This value of y0 is denoted as a and is
identi_ed with the current crack tip position[ A polynomial curve is _t through _ve points of the
a vs t curve\ and the slope of this polynomial is taken to be the current crack tip speed\ a¾n\ at tn[
Some numerical experiments were carried out using other values of Dn to de_ne the crack location\
e[g[ 2dn or 6dn\ and the predictions of the crack location and the crack speed were not very sensitive
to the precise choice[ Figure 02 shows the history of crack growth and the crack tip speed
corresponding to rate dependent cohesive surface model[ The crack tip speed increases continuously
during the initial 349 ns after the arrival of the loading pulse at the crack plane\ after which it
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Fig[ 01[ "a# History of the cohesive surface traction and the cohesive surface separation rate as a function of the normal
surface displacement\ at a point 199 mm ahead of the initial crack tip[ "b# History of the cohesive surface traction and
the cohesive surface separation rate as a function of the normal surface displacement\ at a point 399 mm ahead of the
initial crack tip[ Note that the normal cohesive surface tractions do not reach a maximum at "Dn:dn# � 0\ as was the
case in the rate independent cohesive surface model[
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Fig[ 02[ History of crack growth and the crack tip speed for the rate dependent cohesive surface model[

reaches a plateau at approximately 0399 m:s "which corresponds to approximately 34) of the
elastic Rayleigh wave speed#[ The total crack growth occurring during the 0 ms loading duration
is approximately 0[2 mm and corresponds well with the experimentally measured crack growth[

3[1[1[ Dynamic material tou`hness vs crack tip speed relationship for 3239VAR steel at −79>C[
Results of several dynamic fracture experiments on tough structural metals which do not undergo

a transition in fracture mode with increasing crack tip speed and show relatively low strain
hardening characteristics in the plastic range\ indicate that the material|s level of resistance to
crack advance may depend on the instantaneous crack tip "see\ e[g[ Rosakis et al[\ 0873^ Rosakis
and Zhender\ 0889^ Kobayashi and Dally\ 0868#[ In particular\ as suggested by Kanninen and
Popelar "0874#\ experimental data of Rosakis et al[ "0873# on dynamic fracture of 3239 steel\ can
be correlated by the heuristic experimental relation

KID"t\ a¾# �
KIc

0−0
a¾

VL1
m

[ "37#

In "37#\ KIc is the crack initiation toughness under dynamic loading conditions^ VL is the limiting
crack tip speed^ and m is a dimensionless shape factor[ Using "37#\ the KID vs a¾ curve for 3239 steel
"heated to 732>C\ oil quenched and tempered at 205>C for an hour\ and with s9 � 0299 MPa and
KIc � 59 Mpazm#\ can be e}ectively represented with VL � 0099 m:s and m � 1[

The most signi_cant feature of this KID vs a¾ relationship ðequation "37#Ł is the increasing
sensitivity of the dynamic fracture toughness to crack!tip speed with increasing speed[ Although
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this sensitivity might be attributed\ at least in part\ to strain rate dependence of the material
response\ it is noteworthy that the feature persists even for materials which appear to exhibit little
strain rate dependence in their bulk response[ Furthermore\ the feature cannot be attributed
entirely to crack speed dependence of the elastic _eld surrounding the crack tip plastic zone[ The
surrounding elastic _eld shows little dependence on crack speed for speeds less than about 49Ð
59) of the shear wave speed\ whereas the sharp upturn in the variation of toughness with speed
has been observed for speeds in the range of 14Ð29) of the shear wave speed[ Theoretical:numerical
investigations of dynamic fracture in elastic ideallyÐplastic materials "Lam and Freund\ 0874# have
shown that this upturn in the material|s fracture resistance can be attributed to inertial e}ects
within the crack tip plastic zone[ Furthermore\ it has been demonstrated that for ductile solids\
the inertia e}ects become important at much lower crack tip speeds as compared to those in brittle
solids[

In order to estimate the dynamic material toughness vs crack tip relationship for the 3239VAR
steel at lower than room temperature "test temperature −79>C#\ the J!integral is evaluated as a
function of time[ The J!integral employed is the generalization of Rice|s J!integral "Rice\ 0857# to
dynamic conditions\ which involves a contour integral as well as an integral over the area inside
the contour "Moran and Shih\ 0876^ Nakamura et al[\ 0874#]

J � gL
ð"W¦L# dy1−Tiui\0 dsŁ¦gA $1tk

kT\0¦r
11ui

1t1
ui\0−r

1ui

1t 0
1ui

1t 1\0% dA\ "38#

where A is the area of the contour G and

W � g
Eij

9

tij dEij−a g
T

9

tk
k dT\ L �

0
1

r
1ui

1t
1ui

1t
[ "49#

Using "49#\ J is computed on several contours ignoring any contribution of the cohesive surfaces[
The deviation on all paths away from the uniform mesh was within 4)\ with the deviation being
less in the early stages of crack growth[

Figures 03"a# and "b# show the computed pro_les for the J!integral and COD "crack opening
displacement# vs time for the rate dependent cohesive surface model[ Along with these curves\ the
J!integral and the COD pro_les for the case of the stationary crack are also shown for comparison
purposes[ Prior to the onset of crack growth the curves of COD and the J!integral increase
monotonically as predicted by the elastodynamic solution for a half plane stationary crack sub!
jected to plane tensile pulse ðeqns "0#Ð"2#Ł[ With the onset of crack extension the COD grows
linearly and exceeds the COD level for the case of stationary crack[ The J!integral also increases
with the crack growth but its value is always lower than that obtained for the case of stationary
crack[ This is to be expected since the universal function for the energy release rate\ G"v# "Freund\
0889#\ decrease monotonically with the increase in crack tip speed[ Crack growth is observed to
begin at approximately 5 KJ:m1\ which is about 2Ð3) below fn at crack initiation[

Figure 04 shows the normalized dynamic fracture roughness vs dimensionless crack tip speed
for the low temperature dynamic fracture of 3239VAR steel "Rc � 44#\ obtained using the rate!
dependent cohesive surface model in the present investigation\ along with the room temperature
dynamic fracture of 3239 steel "Rc � 34# obtained by using "37#[ Both steels show a monotonically
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Fig[ 03[ "a# J!integral vs time pro_le for dynamic crack growth corresponding to the rate dependent cohesive surface
model\ compared with the J!integral history for the stationary crack[ Note up to the time of crack initiation\ the J!
integral for the stationary crack and the dynamic crack growth are in agreement[ After crack initiation the J!integral
for the two cases deviate from each other[ "b# COD vs time pro_le for the stationary crack and for dynamic crack
growth[ Again up to the time of crack initiation the COD for the stationary crack and dynamic crack growth are in
agreement[ At the moment of crack initiation the COD for the two cases deviate from each other[
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Fig[ 04[ Normalized dynamic fracture toughness vs crack tip speed for the room temperature dynamic fracture of
3239VAR steel "Rc � 34# and the low temperature dynamic fracture of 3239VAR steel "Rc � 44#[

increasing fracture toughness vs crack velocity relationship which takes on large values for mod!
erate values of a¾:cR ratio[ Although there is no unambiguous way to associate a terminal velocity
with these results\ the plot suggests a maximum attainable velocity well below the Rayleigh wave
speed of the material[ The intercept value of fracture toughness at a¾:cR � 9 corresponds to the so!
called steady state toughness value of the theory of stable crack growth[ The spread of intercepts
on the a¾:cR � 9 results because of the normalization factor "KIc corresponding to the 3239VAR
steel "Rc � 44# at −79>C# used to normalize all data shown on the plot[ As discussed by Lam and
Freund "0874#\ the variation of fracture toughness with crack speed for 3239 steel with Rc � 34 is
primarily due to inertial e}ects[ It is anticipated that if the inertial e}ects were neglected\ the
calculated toughness would be completely independent of speed "Seigmond and Needleman\ 0886#[
This observation is also consistent with the analysis of Mataga et al[ "0876#\ who using a strain!
based crack growth criterion have shown that in tough ductile structural steels\ the upturn in the
material fracture resistance occurs at relatively lower crack tip speeds as compared to more brittle
materials[

3[1[2[ Ener`y partitionin` durin` the dynamic fracture process
Energy partitioning provides another perspective on the coupled thermo!material processes

occurring during the dynamic fracture process[ Since the cohesive surface relationship is considered
to be elastic\ only the dissipative mechanisms associated with the volumetric viscoplastic defor!
mation are considered[ The work done by the imposed loading can be expressed as
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gSext

f = u¾ dS �
d
dt gv

0
1

r9u¾ = u¾ dV¦gv

t ] D dV¦
d
dt gSint

f dS[ "40#

This identity speci_es the balance between the rates at which the mechanical work is performed
through the specimen boundary\ the rate of change of kinetic energy in the specimen\ the stress
power\ and the rate at which energy is being stored in the cohesive surfaces[ The stress power
consists of an elastic part\ a plastic part and a thermal part\ i[e[\

gv

t ] D dV � gv

t ] De dV¦gv

t ] Dp dV¦gv

aTþt ] I dV[ "41#

Integrating "40# in time yields

g
t

9 gSext

f = u¾ dS � gv

0
1

r9u¾ = u¾ dV¦g
t

9 gv

t] D dV¦gSint

f dS "42#

where P"t# � Ðt
9 ÐSext

f = u¾ dS\ is the total work done by the imposed boundary tractions upto time t\
K"t# � Ðv

0
1
r9u¾ = u¾ dV is the current kinetic energy of the specimen\ W"t# � Ðt

9 Ðv t ] D dV is the
accumulated stress work upto time t\ and c"t# � ÐSint

f dS is the current cohesive energy stored in
the cohesive surfaces[

Figure 05"a# shows how the energy represented by each term in "41# varies as a function of time
for the rate dependent cohesive surface model with smax � E:54 MPa\ dn � dt � 9[64 mm\ b � 9[94\
and a � 0[59[ In the early stages of the loading\ there is relatively equal partitioning of the boundary
work into kinetic and elastic strain energy[ As the stress wave reaches the crack plane\ the kinetic
energy increases at the expense of strain energy[ The undulations observed in the kinetic energy\
thereafter\ are a consequence of the di}racted waves which are produced during the interaction of
the plane tensile pulse with the traction!free crack!faces and the refraction of the waves from the
free surface of the specimen and the lateral surfaces of the specimen due to its _nite dimensions[
During the entire duration of the loading pulse the cohesive energy\ the thermal energy and plastic
work are negligible in comparison with either the kinetic energy or the elastic strain energy[ As a
check\ the sum of the kinetic energy\ the elastic strain energy\ the thermal work\ the plastic
dissipation\ and the cohesive energy\ to a very good approximation\ is equal to the work done by
the boundary loading[

The relative magnitudes of the plastic dissipation Ð t ] Dp dt\ and the cohesive surface energy
Ðsint

f ds\ are plotted as a function of time after impact in Fig[ 05"b#[ The energy values in Fig[
05"b# pertain to the entire specimen with a meter thickness[ Upon the arrival of the tensile loading
pulse at the crack plane the cohesive energy increases monotonically for the entire duration of the
loading[ The plastic dissipation is negligible for the initial 199 ns after the arrival of the tensile
wave at the crack plane\ but increases steadily at the latter times[ This behavior is also consistent
with the mode of failure observed during crack growth[ In the initial stages of quasi!cleavage
failure fracture occurs by a predominantly cleavage mode[ But as crack growth progresses\ the crack
tip accelerates leading to the elevation of the material|s cohesive strength due to its dependence on
the rate of separation of the cohesive surfaces[ This increase in the material|s cohesive strength
leads to an increase in the ratio of smax:s9 and hence an increase in the fraction of inelastic
deformation accompanying the decohesion of the fracture surfaces[
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Fig[ 05[ "a# Energy balance for the rate dependent cohesive surface model[ "b# Comparison of the accumulated plastic
work and the current elastic energy stored in the cohesive surfaces[
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Fig[ 06[ Contours of the von Mises e}ective stress in the vicinity of the propagating crack at time "a# t � 199 ns\ "b#
t � 399 ns\ "c# t � 599 ns and "d# t � 649 ns\ after the arrival of the tensile wave tip at the crack plane[ Note that the
contour plots show a maximum just behind the leading crack tip[ This illusion is an artifact of the cohesive surface
modeling of crack growth in which the crack tip appears to be longer than it actually is[

3[1[3[ Local distribution of von Mises stress\ effective plastic strain\ temperature\ effective
plastic strain rate\ and effective elastic strain rate

Contours of von Mises e}ective stress in the vicinity of the crack tip\ are shown in Fig[ 06"a#Ð
"d# at four di}erent time intervals after the arrival of the tensile wave at the crack plane[ For the
contour plots at t � 199 ns and t � 399 ns the contours of e}ective von Mises stress are similar in
shape and level to those for the elastic material[ At later times "contour plots at t � 599 ns and
t � 649 ns#\ the crack tip accelerates resulting in an increase in the cohesive surface separation
rate[ The increase in the cohesive surface separation rate leads to a smax:s9 ratio of greater than
unity[ This relatively high level of cohesive strength as compared to the ~ow strength of the
surrounding material leads to noticeable plastic deformation in the vicinity of crack faces[ This
can also be inferred from the shape of the von Mises e}ective stress contours which show a region
of enhanced von Mises e}ective stress behind the crack tip[ Also\ it is noted that the contour plots
for the e}ective von Mises stress show a maximum just behind the leading crack tip[ This illusion
is an artifact of the cohesive surface model employed to simulate crack growth\ in which the crack
tip appears to be longer than it actually is[ As discussed in Section 3[1[0\ even though the crack
faces appear to be separated at the crack tip\ the crack faces in the vicinity of the crack tip are not
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Fig[ 07[ Contours of the e}ective plastic strain in the vicinity of the propagating crack at time "a# t � 199 ns\ "b# t � 399
ns\ "c# t � 599 ns and "d# t � 649 ns\ after the arrival of the tensile wave tip at the crack plane[ The equivalent plastic
strain in the vicinity of the crack tip increases with the crack growth "to a maximum of 9[6) plastic strain#[

traction free[ The crack faces become traction free only after the normal and tangential separation
reach a certain pre!de_ned critical value[ In the present simulations the actual crack tip location is
taken to be the position where the crack tip opening displacement is greater than 4Ð6dn[

Figure 07"a#Ð"d# and 08"a#Ð"d# show contour plots for the e}ective plastic strain\ o¹p\ and
temperature distribution in the vicinity of the crack tip\ at four di}erent time intervals after the
arrival of the tensile wave at the crack plane[ The equivalent plastic strain in the vicinity of the
crack tip increase with the crack growth "to a maximum of 9[6) plastic strain#[ Also\ the plastic
strain pro_les show decreasing plastic strain with increasing distance from the crack tip\ in the
wake region behind the crack tip[ The temperature change in the vicinity of the crack tip is very
small[ It increases from −79>C to −65>C during the entire duration of the experiment[ The
temperature contours\ which are similar to the equivalent plastic strain contours\ indicate that the
heating extends in a narrow region around the crack tip and the deformation remains essentially
adiabatic in the wake region behind the crack tip[

During rapid crack growth the strain rates experienced by a material particle in the path of an
advancing crack are potentially enormous[ It is understood that the essence of cleavage crack
growth in elasticÐviscoplastic material is the ability to elevate the stress to a critical level before
plastic ~ow can accumulate to defeat the in~uence of the crack!tip[ In terms of the mechanical
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Fig[ 08[ Contours of the local temperature in the vicinity of the propagating crack at time "a# t � 199 ns\ "b# t � 399
ns\ "c# t � 599 ns and "d# t � 649 ns\ after the arrival of the tensile wave tip at the crack plane[ The temperature change
in the vicinity of the crack tip is very small[ It increases from −79Ð65>C during the entire duration of crack growth[

_elds near the edge of an advancing crack\ the rate of stress increase is determined by the elastic
strain!rate\ while the rate of crack!tip blunting is determined by the plastic strain!rate[ Figures 19
and 10 show the contour plots for the e}ective elastic strain rate\ o¹¾e "de_ned as z2De ] De:1# and
the e}ective plastic strain rate o¹¾p\ respectively\ in the vicinity of the crack tip at four di}erent time
intervals after the arrival of the tensile wave at the crack plane[ As can be seen from the contour
plots\ the e}ective elastic strain rates dominate the e}ective plastic strain rates during the initial
time period of crack growth\ after which the e}ective elastic strain rates are of the same order as
the e}ective plastic strain rates[ This behavior is consistent with the predominantly cleavage mode
of failure observed during the early crack growth time period\ and the increase in inelastic
deformation with crack growth during the later times[

4[ Conclusions

In the present investigation\ results of plate impact dynamic fracture experiments conducted at
lower than room temperature "−79>C#\ along with _nite element modeling is employed to study
the validity of cohesive surface models in predicting fast fracture dynamics in high strength
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Fig[ 19[ Contours of the e}ective elastic strain rates in the vicinity of the propagating crack at time "a# t � 199 ns\ "b#
t � 399 ns\ "c# t � 599 ns and "d# t � 649 ns\ after the arrival of the tensile wave tip at the crack plane[

Fig[ 10[ Contours of the e}ective plastic strain rate in the vicinity of the propagating crack at time "a# t � 199 ns\ "b#
t � 399 ns\ "c# t � 599 ns and "d# t � 649 ns\ after the arrival of the tensile wave tip at the crack plane[
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structural steels[ From the results of these simulations it is observed that the cohesive surface
models which employ a constant cohesive surface strength and a characteristic length\ are not
capable of capturing the dynamic fracture characteristics of fast fracture occurring in high strength
structural steels[ However\ the results of the simulations are in reasonably good agreement with
the experimental measurements when the cohesive surface model includes a work of separation
which depends on the cohesive!surface separation rate[ Moreover\ the dynamic material toughness
inferred from computational results\ emphasize the existence of a sharp upturn in dynamic fracture
toughness at a material characteristic limiting crack tip speed even at test temperatures as low as
−79>C and under ultra!high crack!tip loading rates\ KþI � 097 MPazm:s[
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